In this paper, employing the path integral method in the framework of a canonical description of a Schwarzschild black hole, we obtain the corrected inverse temperature and entropy of the black hole. The corrections are those coming from the quantum effects as well as from the Generalized Uncertainty Principle effects. Furthermore, an equivalence between the polymer quantization and the Generalized Uncertainty Principle description is shown provided the parameters characterizing these two descriptions are proportional.
I. INTRODUCTION
After Mead [1] , who was the first who pointed out the role of gravity on the existence of a fundamental measurable length, a considerably amount of effort has been devoted to study the modification of the Heisenberg uncertainty principle, known as Generalized Uncertainty Principle (GUP), together with the consequences it leads to [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . A specific form of the GUP and its associated commutation relations, together with its physical consequences have been recently studied [19, 20] 1 . Moreover, there has been a very recent interest in a different version of the GUP [27] [28] [29] , which predicts not only a minimum length but also a maximum momentum [14] [15] [16] .
As shown in [19] , the effects of this GUP can be implemented both in classical and quantum systems by defining deformed commutation relations by means of
where [x 0i , p 0j ] = i δ ij and p 2 0 = 3 j=1 p 0j p 0j and α = α 0 /m p c, being α 0 a dimensionless constant. Interestingly, the fact that polymer quantization leads to a modified uncertainty principle [10] has led some authors to think that some forms of GUPs and polymer quantization predict the same physics [30] .
Among all quantum gravitational effects one can think of, black hole (BH) entropy can be considered as the paradigmatic one. From the realization that BHs are thermodynamic objects [31] [32] [33] which radiate [34, 35] , the entropy of a Schwarzschild BH is given by the Bekenstein-Hawking relation
* p.bargueno@uniandes.edu.co † elias.vagenas@ku.edu.kw 1 It is noteworthy that since there is a plethora of different forms of GUP, the phenomenological implications of GUP are numerous [21] [22] [23] [24] [25] [26] .
where A BH is the area of the BH horizon and
is the Planck length. After these findings, several approaches to quantum gravity (QG) have predicted the following form for the QG-corrected BH entropy [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] 
where the c n coefficients are model-dependent parameters. Specifically, loop quantum gravity calculations are used to fix c 0 = −1/2 [48] .
In particular, the deformed commutation relations previously presented have been widely used to compute the effects of the GUP on the BH entropy from different perspectives (see, for example, [39, [49] [50] [51] [52] ), which reads
(4) Therefore, both the logarithmic correction (with the correct sign) and a new term with goes as √ A BH can be derived employing GUP.
The paper is organized as follows. In section II, we briefly present how to include quantum effects on the inverse temperature as well as the entropy of the Schwarzschild BH by means of the path integral method which is applied to a canonical description of the BH [53] . Using this semiclassical approach, the logarithmic correction in the entropy is also obtained [53] . In section III, following the procedure described in section II, GUP effects as well as quantum effects are included [54] , thus the expressions for the corresponding corrected inverse temperature and entropy of the Schwarzschild BH are obtained. In section IV, an equivalence between the polymer quantization and the GUP description is pointed out provided that the parameters that characterize these two descriptions are proportional. Finally, in section V, a brief summary of the obtained results is given.
II. QUANTUM CORRECTIONS TO BLACK HOLE ENTROPY
Following Ref. [55] , a Schwarzschild BH can be described as a canonical system by a Hamiltonian that can be identified with its mass, i.e., H = m, after an appropriate pair of canonical coordinates (m, p m ) is introduced. However, there is a canonical transformation to a new canonical pair (a, p a ) such that the Hamiltonian can now be written as [55] 
Performing some computations within the canonical quantization framework, the corresponding WheelerDeWitt equation can be stated in the form of a Schrödinger equation for a quantum harmonic oscillator which reads [53] (6) where
are the black hole ADM energy 2 and the Schwarzschild radius 3 , respectively. The function U (x) is related to the BH wavefunction Ψ(x) by U (x) = a −1 Ψ(x), where the variable x is equal to (a − R s ).
As shown in Ref. [53] , quantum effects on the thermodynamics of the Schwarzschild BH can be introduced by means of the path integral method applied to the harmonic oscillator [56] . The key point is first to consider the modified harmonic potential given by
where ω is the frequency of the quantum harmonic oscillator given by ω =
2π
Ep and β Q is the quantum-corrected inverse BH temperature. Then, one has to proceed calculating the desired thermodynamic quantities starting from the partition function
where the quantumcorrected Hamiltonian is
where m p is the Planck mass and is equal to c G . In particular, equating the average (thermodynamical) energy to the internal gravitational energy of the BH,Ē = M c 2 , the relation between the quantum-corrected inverse BH temperature and the BH mass can be written as
where
is the inverse of Hawking's temperature. Furthermore, after defining the BH horizon area, A BH = 4πR 2 s , the quantum-corrected entropy of the BH can be written as
is a modified BH area which includes quantum corrections [53] .
III. GUP CORRECTIONS TO QUANTUM BLACK HOLE ENTROPY
By means of the GUP-induced deformed canonical commutator, a general non-relativistic Hamiltonian of the form H = For the moment, only the quadratic GUP modification will be considered. Thus, the Hamiltonian of the Schwarzschild BH which includes GUP and quantum corrections now reads
where p stands for p 0 to simplify the notation. The partition function can be easily calculated giving
where K i (x) stands for the second modified Bessel function of order i.
The internal energy and the entropy can be computed from the standard formulaeĒ = − ∂ ln(Z) ∂β and
and, thus, the results will be of the form
and
As in the previous section, ifĒ = M c 2 is imposed, we obtain, up to first order in α
Therefore, if the GUP correction as well as quantum corrections are taken into account, the inverse BH temperature reads
At this point a couple of comments are in order. First, it is easily seen that employing Eq. (18) and removing the GUP-correction, i.e., α = 0, the quantum-corrected inverse BH temperature, namely Eq. (9), is obtained.
Second, employing Eq. (16) and removing the GUPcorrection, i.e., α = 0, the corresponding quantumcorrected entropy will now read
where A Q is the modified BH area given by Eq. (11).
After a long but straightforward calculation, the GUPcorrected quantum entropy given by Eq. (16) can be written as
where the GUP-corrected quantum BH area is of the form
From Eqs. (20) and (21), it can be explicitly seen that the quantum BH entropy is recovered when α 0 = 0. Interestingly, the entropy contains a GUP-dependent term not only in the usual area and logarithmic terms (see the fifth term on the right-hand side of Eq. (20)).
Furthermore, it is easily seen from the second line of Eq. (21) that, for α 0 ≈ 10 −2 , the GUP-correction can be considered as negligible compared to the quantum-correction and, thus, S GUP +Q is almost equal to S Q (we are referring to the range of values for which the entropy is proportional to the area). Then, increasing the value of α 0 , the entropy S GUP +Q becomes bigger than S Q , meaning that the GUP-correction is no more negligible compared to the quantum-correction while, when α 0 becomes of the order of unity, the entropy S GUP +Q becomes almost double of S Q . Finally, in the case where α 0 is much bigger than the unity but less than 10 17 [19] , one can say that the GUP-correction dominates and the quantum correction is now negligible.
IV. EQUIVALENCE BETWEEN POLYMERIZATION AND QUADRATIC GUP
It was recently pointed out that when the polymerization protocol is applied to a classical Hamiltonian H = p 2 2m + V (x), the resulting polymer Hamiltonian, H µ , can be written as [57] 
Therefore, in the semiclassical regime, a µ-dependent classical theory can be obtained from the polymerization process. By expanding the kinetic term of the classical polymeric Hamiltonian,
and comparing it with that of Eq. (12), an equivalence between these descriptions can be shown, provided that
In addition, in Ref. [57] it is shown that, after introducing the non-canonical transformation (x, p) →
, the polymer Hamiltonian reads the standard form
and, thus, all the polymeric effects are summarized in the density of states, which is given by the expression
Therefore, the polymeric partition function for the quantum corrected Schwarzschild BH Hamiltonian is written as
where I 0 (x) denotes the first order modified Bessel function. If one now compares the polymer partition functions given by Eq. (27) with the GUP-modified partition function given by Eq. (14) , then the equivalence between the two descriptions can be shown, up to second order in the deformation parameters, namely α and µ, provided that |µ| 2 = 60|α| 2 , as previously stated.
V. DISCUSSION AND CONCLUSIONS
In this paper, we have computed the corrected inverse temperature and the entropy of a Schwarzschild BH when the quantum effects as well as the GUP effects are present. The computation was performed by employing the path integral method in the framework of a canonical description of the BH. In this semiclassical context, the logarithmic correction in the expression for the corrected entropy of the Schwarzschild BH is also obtained. In the limiting case in which the GUP parameter is zero, i.e., α = 0, expressions for the quantum corrected inverse temperature and entropy of the Schwarzschild BH that already exist in the literature are obtained. Finally, an equivalence between the polymer quantization and the GUP description is pointed out under the condition that the parameters characterizing these two descriptions, namely µ and α, respectively, are proportional.
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